We calculate the O(α 2 s ) heavy flavor corrections to charged current deep-inelastic scattering at large scales Q 2 m 2 . The contributing Wilson coefficients are given as convolutions between massive operator matrix elements and massless Wilson coefficients. Foregoing results in the literature are extended and corrected. Numerical results are presented for the kinematic region of the HERA data.
Introduction
The heavy flavor corrections to deep-inelastic scattering obey different scaling violations both in neutral and charged current scattering if compared to the massless contributions [1] . Furthermore, for charged current reactions these contributions constitute out of flavor excitation on the one hand, e.g. s → c transitions, and also heavy quark pair production at higher orders in the coupling constant α s (M 2 Z ). In the charged current case most of the data are situated at higher values of Q 2 , cf. [2, 3] . Therefore the representation of the heavy flavor Wilson coefficients in the region Q 2 m 2 can be obtained using the factorization [4] into massive operator matrix elements (OMEs) and the massless Wilson coefficients [5] [6] [7] [8] [9] [10] . In the past a series of analytic results has been calculated for neutral current reactions in this way [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In the present paper we calculate the O(α 2 s ) corrections in the charged current case, extending and correcting Ref. [23] . The O(α s ) corrections were computed in [24] [25] [26] before. In [23] were calculated. Since this was not the complete set we also calculate the remaining Wilson coefficients and compare the present results with the previous ones. The heavy flavor Wilson coefficients to O(α 2 s ) will allow to refine QCD fits w.r.t. the extraction of the individual sea quarks, in particular also the strange quark distribution, cf. [27, 28] .
The paper is organized as follows. We give first a summary of the charged current structure functions with emphasis on the heavy flavor contributions and present the general structure of the different heavy flavor Wilson coefficients in the limit Q 
The Structure Functions
The scattering cross sections for charged current deep-inelastic lepton-nucleon scattering are parameterized by the three structure functions F 1 , F 2 , F 3 :
, (2.1)
where
Here x = Q 2 /(sy) and y denote the Bjorken variables, Q 2 is the virtuality of the exchanged electro-weak gauge boson, s the cms-energy squared, M W the mass of the W ± -bosons, and G F Fermi's constant.
At Born level the structure functions are given by the following combinations of parton distribution functions (PDFs) q ≡ q(x, Q 2 ), cf. [29] : 8) where V ij denote the Cabibbo-Kobayashi-Maskawa matrix elements [30, 31] . In the following we refer to the four-quark picture. 10) which are symmetric/antisymmetric under crossing, respectively. The following partonic quantities are introduced :
, F
11)
The Mellin transforms of the structure functions read In the following formulae, we will work in Mellin space and drop the argument N for brevity. There are diagrams in which the incoming fermion line runs through the W -boson-quark vertex, and others where these two fermion lines are separated. Examples are given in Figure 1 . It is useful to separate the corresponding terms in the Wilson coefficients into "valence" and "sea" contributions, respectively. The valence parts are flavor-diagonal while the sea parts do not distinguish different flavors. However, differences in the quark masses are detected. Hence the c-quark is treated differently from u, d, s. Obviously, all terms built from graphs like Figure 1 (a) and their QCD corrections form valence contributions, and all sea contributions are built from graphs like Figure 1(b) . However, there are interference contributions from the latter class of graphs, see e.g. Figure 2 , which clearly form valence terms.
Note that minus signs derive from the charge conjugation antisymmetry of the fermion line to which the W -boson is attached. This antisymmetry is due to the presence of a single γ 5 -matrix and hence only occurs in contributions to F 3 . The emergence of these minus signs is shortly illustrated in the following. In these considerations, factors of i or (−1) stemming from the Feynman rules are not of relevance, since expressions with the same number of vertices and propagators are compared. Figure 3 schematically shows the structure of the graphs in which (a) the fermion line coupling to the W ± qq-vertex is incoming or in which (b,c) this fermion is pair produced. The incoming gluon line in the latter could also be replaced by an incoming fermion line, that passes through to the final state. The gray area denotes any QCD correction, that couples to the fermion line via the gluon field. The fermion trace of a diagram depicted by Figure 3 (a) can be written as 13) where the Γ i denote products of Dirac matrices, multiplied by real numbers which also include the denominators of the propagators, andΓ i = γ 0 Γ † i γ 0 is just Γ i with inverted order of the factors. Due to the charge conjugation properties of the Dirac matrices and Dirac bispinors, there is a bijection onto diagrams. Assuming an antifermion in the initial state, the same trace has the
Since the difference between fermion and antifermion bispinors in the trace only affects the part ∝ m 2 , it contributes to the power corrections only, and due to antisymmetry of the γ 5 part, T In case of the "sea"-contributions depicted in Figure 3 (b) and (c) the traces read :
15)
Here, bispinors of down-type (anti)quarks are marked by the subscript d and the ones of uptype (anti)quarks are marked by u. In the complete contribution one will find a corresponding diagram with Γ 4 andΓ 3 interchanged, if the down-and up-type lines have the same mass or are both massless. This leads to the symmetry between T W + ,S and T W − ,S when summed over all diagrams. The combination of this symmetry and the antisymmetry from above leads to the relations [23] :
(2.17)
Another source for negative signs are the valence like interference terms. While the coupling of W + with the down-type quarks in the nonsinglet channel is described by (QCD corrections to) diagrams like Fig. 1(a) , the nonsinglet coupling of W − to a down-type quark is only possible through the interference terms of Fig.2 
As a consequence these combinations are even/odd under crossing, but the individual W ± -contributions are not (cf. [32] ). Interestingly, in Mellin space this lack of symmetry is reflected in an oscillating behaviour characterized by a factor (−1) N which, by Carlson's theorem [33] [34] [35] , prevents the Wilson coefficients from being Mellin invertible.
For these reasons it is useful to study combinations of structure functions, which have a crossing symmetry by construction. The factorization of these combinations reads :
21)
with
As a result, either even or odd moments contribute to the combinations in Mellin space. One finds [32, [36] [37] [38] :
: odd N , (2.28)
: odd N , (2.29)
These sequences of even or odd moments then have well defined x-space counter parts. In order to derive factorization formulae, we choose to take a safe detour via the relations of parton distributions in the variable flavor number scheme (q ,q ) [12, 18] :
Here the following notation was used :
From this point on, the number of light flavors contributing to the light flavor Wilson coefficients is written explicitly as an argument. The four-flavor expressions read :
34)
35)
Comparing the coefficients of Σ, G, ∆ q , V u , V c in these relations with the 3-flavor representation (2.19) one finds 
By inserting the odd-N factorization relations into (2.20) and (2.21), and comparing with (2.34) and (2.36), respectively, one finds :
Expanding the above relations up to order a 
in accordance with the asymptotic expressions derived in Ref. [26] . At 2-loop order, the asymptotic formulae take the form :
Comparing with results given in [23] , one finds that the above relations agree for H 
The Wilson Coefficients
In the following, we present the N -space expressions for the Wilson coefficients having been derived in the previous Section. The non-singlet light flavor Wilson coefficients c (i),ns,± i,q defined in Eq. (94) of [10] are related to the ones used above via
where the ±-signs correspond to each other on the left and right hand sides. The splitting denoted by superscripts + or − is the same as in Eq. (14) in [8] . The gluonic and pure singlet Wilson coefficients can be taken over from the electromagnetic case. Using c
i,ps and c
The contributions to the non-singlet Wilson coefficients of the structure functions F 2,3 were given in [6] [7] [8] [9] , and confirmed in [10] 2 . Very often the massless Wilson coefficients given in the literature for general values of N are understood to be valid either for even or odd values only. The representations for general values of N can, however, be obtained by a Mellin transform of the x-space expressions, cf. e.g. [39, 40] , resp. for odd moments [41] and the even-/odd-N combinations from [6] .
The heavy flavor Wilson coefficients in Mellin N -space are constructed as described above and are given in terms of harmonic sums [42, 43] 
For brevity we use the notation S a (N ) ≡ S a . The individual Wilson coefficients read :
See also [41] , where also the even-odd-N difference for the Wilson coefficient of F L is published.
with 
37) 
and
The harmonic sums appearing are reduced to the following basis :
As the harmonic sums, the different Wilson coefficients obey recursion relations for N → N − 1, N ∈ C, which may be used in their analytic continuation. In this way one may shift a value N ∈ C to a complex number with large negative real part for which the asymptotic representation of the corresponding Wilson coefficient holds in the analyticity region N = −k, k ∈ N.
As examples the asymptotic representation for two Wilson coefficients is given in Appendix B.
Since QCD analyses of deep-inelastic scattering data are often being performed in x-space, we present the heavy flavor Wilson coefficients also in this space in Appendix C. The corresponding Mellin inversions were performed using the package HarmonicSums [35, [44] [45] [46] . Here harmonic polylogarithms [47] occur, which are reduced to the following basis set :
These functions have the following representations in terms of Nielsen integrals [48] :
Li n (x) = S n−1,1 (x) (3.56) and are given by and with increasing precision : LO, NLO, NNLO using the ABKM09 parameterization [50] .
see also [10] . Fast numerical implementations for the functions Li 2,3 (x) and S 1,2 (x) are provided in the code ANCONT [49] .
Numerical Results
In the following we illustrate the effect of the heavy flavor Wilson coefficients up to O(α 2 s ) on the structure functions F i (x, Q 2 ), i = 1, 2, 3 for W + -exchange and the respective differences F
within the kinematic range of HERA referring to the PDFs of Ref. [50] . In Figure 4 these distributions are given at different values of Q 2 comparing the contributions at LO, NLO, and NNLO. While the difference between the LO and NLO terms are generally large for the individual structure functions due to the newly contributing gluonic term at NLO, the effect is less pronounced in the differences F
, showing the typical valence-type shape. In general the NNLO corrections are close to the NLO ones over a wide range in Q 2 displaying the scale evolution of the charged current structure functions. Both the functions F
2 ) and F
2 ) grow with rising Q 2 and towards small values of x. Using the expressions derived in the previous chapter, a FORTRAN program was developed to calculate the 2-loop charm contribution to the structure functions F 2 and F 3 . The code is based on earlier work on the exact 1-loop contributions [26] . It works in N -space using the analytic continuation of the N -space representation to complex values of N . The Mellin inversion into the physical x-space is performed using a single complex contour integral picking up the residues of all poles on the real axis. Since the necessary points on the contour can be held fixed for different values of x at a given value of Q 2 for all PDFs, the calculation is naturally very fast. For the analytic continuation of the harmonic sums the ANCONT implementations of Mellin transforms [49, [51] [52] [53] are used. The numerical accuracy of the implementation is checked by calculating test values of F 2,c and F 3,c for different values of x. For this purpose we used shape-fits to the ABM11 PDF sets at Q 2 = 100 GeV 2 given by :
The relative numerical uncertainties of the 2-loop contributions are below 10 −3 for a wide range of x values. So in total the numeric uncertainties are at the order of 10 −5 and at least 3 orders of magnitude smaller than the 2-loop corrections, see Figures 5.
Conclusions
The O(α 2 using the method of Ref. [4] . We completed the set of Wilson coefficients and corrected previous results in Ref. [23] , presenting a detailed outline of the differences found. The Wilson coefficients obey representations in terms of harmonic sums in Mellin-N space and weighted harmonic polylogarithms in x-space, respectively, in both cases to weight w = 4. Numerical studies were performed for the structure functions F
2 ), i = 1, 2, 3 in the kinematic region available at HERA 
A Relative Signs in Wilson Coefficients
Since the sign in front of the OME in the gluonic heavy flavor Wilson coefficient of Eq. (2.38) contradicts the asymptotic representation given in Eq. (A.17) of [23] , a recalculation of the full gluonic O(α s ) correction was performed which will be presented in the following. We confirm the result given in [25, 54] . As the minus sign was confirmed in this analysis, further changes in signs in the relations (A.18) and (A.19) of [23] are anticipated. The reasoning follows the idea of calculating leading logarithms in the Altarelli-Parisi picture of scaling violations [55] .
The heavy flavor Wilson coefficient H g is obtained from the diagrams in Figure 6 with the matrix element
contributing to the hadronic tensor. For the implementation of γ 5 , the prescription of [56] was used, which amounts to the replacement
in the matrix element, where products of Levi-Civita symbols are evaluated by the determinant
and Lorentz contractions are performed in D dimensions. Since O(α s ) is the leading order of the gluon channel, no finite renormalization is needed. The Lorentz-structure of the squared matrix element is projected onto the (unrenormalized) partonic versions of the structure functionsF i , i = 1, 2, 3 via the projectors :
The two particle phase space leads to one-dimensional integrals which, after a partial fraction decomposition, can be solved in terms of 2 F 1 functions, e.g.
This particular example is the source for the mass logarithms :
and thus contributes to the OME in the asymptotic expansions. The t-channel exchange of the light s-quark in the first diagram of Figure 6 introduces a collinear singularity, which has to be removed via mass factorization as described in Eq. (2.38) of [9] . In the present case it proceeds via :
with the MS transition function
In contrast to the electromagnetic case, the factor 2n f in (2.38) of [9] is omitted, since the above calculation is performed for only one incoming light flavor, and only for one of the two graphs in Figure 6 the quark propagator is massless and thus develops a collinear singularity. The results of this calculation agree with those in [24, 25, 54] . In order to gain further confidence in the emergence of a minus sign in the asymptotic representation, as well as to understand how this observation relates to the pure singlet Wilson coefficients at 2-loop order, the calculation of the leading logarithmic contributions is performed using the method also applied by Altarelli and Parisi [55] , cf. also [57] .
A Sudakov parameterization [58] is introduced for the t-channel momentum in the diagram in Figure 6 (a) :
denoting the gluon momentum by k, and the photon momentum by q. Furthermore, the vectors k ⊥ and q are defined via
This leads to the final state momenta 13) and the Mandelstam variables
With the approximation q 2 ≈ k 2 ≈ 0 and p.q ≈ p.q, the phase space integral then takes the form dp 1 dp 2 δ(p
Using the implication from the δ-distributions one finds 16) and thus defines the positive variable
The physical region 3 is determined from the conditions 0 ≤ cos (q, p 1 ) ≤ 1 and 0 ≤ cos (q, p 2 ) ≤ 1 (A. 18) on the angles in the target system of coordinates. As a result one finds .19) There are two integrals leading to logarithmic values :
Since the incoming gluon is massless, i.e. k 2 = 0, the first logarithm represents a collinear singularity, which was earlier regulated in D = 4 + ε dimensions and removed via mass factorization in Eq. (A.8). The second logarithm indeed constitutes the leading mass dependence of the process. Picking out this logarithmic part, one finds
The splitting functions derive from the fermion traces after applying the above approximations and canceling against denominators. In order to obtain the 2-loop pure singlet contribution in leading logarithmic approximation, one has to include another ladder rung formed by a light quark line, as depicted in Figure 7 . Then the Sudakov parameters are introduced as above :
(A.25)
The three-particle phase space can be treated similarly as before, assuming a strict hierarchy k
The δ-distributions introduced by the phase space integral then take the forms :
This again leads to the definition of positive squares of momenta :
Like in the case of purely massless ladder rungs [55] , see also [57, 60] , the integral becomes nested in both the momentum and the Sudakov variables α 1 , α 2 ,
where the following splitting function occurs :
With the variable substitution R 2 = s + Q 2 − r 2 2 , the integrals over the squared momenta can be performed :
Here the reference scale in the mass-logarithm was chosen to be Q 2 . In Mellin space the convolutions of the splitting functions in (A.28) factorize, and one finds to O(ln 2 (m 2 /Q 2 )) the relation 31) which fixes the respective sign. The additional ladder rung has the effect of introducing another splitting function independently from the boson-quark coupling. Hence the minus sign from the one-loop heavy flavor Wilson coefficient in leading logarithmic approximation is simply translated to the 2-loop pure-singlet contribution. As in the gluonic heavy flavor Wilson coefficient at the 1-loop order, the result above disagrees with the asymptotic representation given in [23] . This confirms the results of the derivation of the asymptotic representations at 2-loop order given in Section 2, which captures the signs in a rigorous way.
B Asymptotic Expansion of the Wilson Coefficients
In this appendix we present the asymptotic expansions of the different Wilson coefficients. In Mellin-space codes these expressions may serve as numerical starting values for large N ∈ C outside the singularities being located at the integers left of an integer N 0 . All other values in the analytic region can be obtained by the shift relations of the analytic continuations of the harmonic sums, cf. [49, [51] [52] [53] .
As examples we show the asymptotic expansions of L
and H
. One obtains 
